Generally Covariant Conservative Energy-Momentum for Gravitational
  Anyons by Feng, Sze-Shiang & Duan, Yi-Shi
ar
X
iv
:h
ep
-th
/9
90
20
96
v1
  1
2 
Fe
b 
19
99
Generally Covariant Conservative Energy-Momentum for
Gravitational Anyons ∗
Sze-Shiang Feng1,2,3, Yi-Shi Duan4
1.High Energy Section, ICTP, Trieste, 34100,Italy
E-mail:fengss@ictp.trieste.it
2. CCAST(World Lab.) P. O. Box 8730, Beijing, 100080
3.Department of Modern Physics, University of Science and Technology of China, 230026, Hefei, China
e-mail:zhdp@ustc.edu.cn
4.Institute of Theoretical Physics, Lanzhou University, 730000, Lanzhou,China
e-mail: ysduan@lzu.edu.cn
Abstract
We obtain a generally covariant conservation law of energy momen-
tum for gravitational anyons by the general displacement transform.
The energy- momentum currents have also superpotentials and are
therefore identically conserved. It is shown that for Deser’s solu-
tion and Cle´ment’s solution, the energy vanishes. The reasonable-
ness of the definition of energy-momentum may be confirmed by
the solution for pure Einstein gravity which is a limit of vanishing
Chern-Simons coupling of gravitational anyons.
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I.Introduction
Gravity in 1+2 dimensional spacetime has been a popular subject of discussion from a decade
ago[1]-[6]. Though some of the models are toy models, the studies may shed light on the un-
derstanding of not only quasi-(1+2) dimensional physics (e.g. QHE and high Tc), but also the
realistic 1+3 dimensional gravity. In any gauge theory in odd dimensions, there exists a special
term, i.e. the Chern-Simons term, which can be incorporated into the model Lagrangian. The
concept of gravitational anyons is a simple non-Abelian generalization of the U(1) Chern-Simons
theory to non-compact gauge group[1][2]. Using his sloution to the linearized field equations,
Deser studied the mass and spin of the gravitational anyons[4]. The conclusion states that the
gravitational and inertial quantities are not equal to each other in general and thus the equiv-
alence principle is violated. Hence, there exist much difference between gravitational anyons
and 1+3 Einstein gravity.
It seems to us that in order to understand the difference, we should have a well-defined
definition of gravitational conservative quantities, or in other words, we should have generally
covariant conservation laws. In our previous work[7], we have obtained a generally covariant
conservation law of angular-momentum for gravitational anyons. As suggested in[7], the present
paper is to study the generally covariant conservation law of energy-momentum in the approach
proposed in[8]. The paper is arranged as follows. In section II, we give a general description
of the scheme for establishing generally covariant conservation laws in general relativity. In
section III, we use the general displacement transform and the scheme to obtain a generally
covariant conservation law of energy-momentum. In this section, we will use a first order
Lagrangian instead of the original one which is in second order. In section IV, we calculate
the total energy-momentum for Deser’s, Clee´ment’s solutions, and a solution in the vanishing
Chern-Simons coupling limit. The last section is devoted to some remarks and discussions.
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II. General Scheme for Conservation Laws in General Rel-
ativity
As in 1+3 Einstein gravity, conservation laws are also the consequence of the invariance of the
action corresponding to some transforms. In order to study the covariant energy-momentum
of more complicated systems, it is benifecial to discuss conservation laws by Noether theorem
in general. Suppose that the spacetime is of dimension D = 1+ d and the Lagrangian is in the
first order formalism, i.e.
I =
∫
G
L(φA, ∂µφA)dDx (1)
where φA denotes the generic fields. If the action is invariant under the infinitesimal transforms
x′µ = xµ + δxµ φ′A(x′) = φA(x) + δφA(x) (2)
(it is not required that δφA|∂G = 0), then following relation holds[8]- [10].
∂µ(Lδxµ + ∂L
∂∂µφA
δ0φ
A) + [L]φAδ0φA = 0 (3)
where
[L]φA =
∂L
∂φA
− ∂µ ∂L
∂∂µφA
(4)
and δ0φ
A is the Lie variation of φA
δ0φ
A = φ′A(x)− φA(x) = δφA(x)− ∂µφAδxµ (5)
If L is the total Lagrangian of the system, the field equations of φA is just [L]φA = 0. Hence
from eq.(3), we can obtain the conservation equation corresponding to transform eq.(2)
∂µ(Lδxµ + ∂L
∂∂µφA
δ0φ
A) = 0 (6)
It is important to recognize that if L is not the total Lagrangian , e.g. the gravitational part
Lg, then so long as the action of Lg remains invariant under transform eq.(2), eq.(3) is still
valid yet eq.(6) is no longer admissible because of [Lg]φA 6= 0.
Suppose that φA denotes the Riemann tensors φAµ and Riemann scalars ψ
A (for gravitational
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anyons, they are dreibein eaµ, SO(1,2) connection ω
a
µ, the Lagrangian multiplier λ
a
µ and the
matter field ψA). Eq.(3) reads (suppose that Lg does not contain ψA)
∂µ(Lgδxµ + ∂Lg
∂∂µφAν
δ0φ
A
ν ) + [Lg]φAµ δ0φAµ = 0 (7)
Under transforms eq.(2), the Lie variations are
δ0φ
A
ν = −δxα,νφAα − φAν,αδxα (8)
where the dot ”,” denotes partial derivative. So eq.(7) reads
∂µ[Lgδxµ − ∂Lg
∂∂µφ
A
λ
(δxν,λφ
A
ν + φ
A
λ,νδx
ν)]− [Lg]φA
λ
(δxν,λφ
A
ν + φ
A
λ,νδx
ν) = 0 (9)
Comparing the coefficients of δxν , δxν,λ and δx
ν
,µλ, we may obtain an identity
∂λ([Lg]φA
λ
φAν ) = [Lg]φAλ φ
A
λ,ν (10)
Then eq.(9) can be written as
∂µ[Lgδxµ − ∂Lg
∂∂µφ
A
λ
(δxν,λφ
A
ν + φ
A
λ,νδx
ν)− [Lg]φAµ φAν δxν ] = 0 (11)
or
∂µ[(Lgδµν −
∂Lg
∂∂µφ
A
λ
φAλ,ν − [Lg]φAµφAν )δxν −
∂Lg
∂φAλ,µ
φAν δx
ν
,λ] = 0 (12)
By definition, we introduce
I˜µν = −(Lgδµν −
∂Lg
∂∂µφ
A
λ
φAλ,ν − [Lg]φAµ φAν ) (13)
Z˜λµν =
∂Lg
∂φAλ,µ
φAν (14)
Then eq.(12) gives
∂µ(I˜
µ
ν δx
ν + Z˜λµν δx
ν
,λ) = 0 (15)
So by comparing the coefficients of δxν , δxν,µ and δx
ν
,µλ, we have the following from eq.(15)
∂µI˜
µ
ν = 0 (16)
I˜λν = −∂µZ˜λµν Z˜µλν = −Z˜λµν (17)
Eq.(16)-(17) are fundamental to the establishing of conservation law of energy-momentum.
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III. Conservation Law of Energy-momentum for Gravita-
tional Anyons
3.1. General Displacement Transform
In 1+3 Einstein gravity, a generally covariant conservation law of energy-momentum was
obtained by means of whant we usually call the general displacement transform[8]
δxµ = eµaǫ
a (ǫa = const.) (18)
It really represents an infinitesiaml displacement while
δxµ = bµ = const. (19)
does not because xµ can be any coordinates. For instance, it can be spherical coordinates,
in which case, the resulting conservation law, if exists, should be that of angular-momentum
other than energy-momentum. Using the invariance of the action with respect to eq.(18) and
Einstein equations , the following general covariant conservation law of energy-momentum is
obtained
∇µ(T µa + tµa) = 0 (20)
and it was shown that there exist superpotentials V µνa
T µa + t
µ
a = ∇νV µνa (21)
V µνa =
c4
8πG
[eµb e
ν
cωa
bc + (eµae
ν
b − eµb eνa)ωb] (22)
This definition of energy-momentum has the following main propertities:
1). It is a covariant definition with respect to general coordinate transforms. But the energy-
momentum tensor is not covariant under local Lorentz transforms, this is reasonable because
of the equivalence principle.
2). For closed system, the total energy-momentum does not depend on the choice of Riemann
coordinates and transforms in the covariant way
P ′a = La
bPb (23)
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under local Lorentz transform Λa b which is constant L
a
b at spatial infinity.
3). For a closed system with static mass center, the total energy-momentum is Pa = (Mc, 0, 0, 0).
4). For a rather concentrated matter system, the gravitational energy radiation is[11]
− ∂E
∂t
=
G
45c5
(
···
D)
2 (24)
5). For Bondi’s plane wave, the energy current is[11]
t
µ
0 = (
1
4π
β ′2,
1
4π
β ′2, 0, 0) (25)
6). For the solution of gravitational solitons, we can obtain finite energy while the Landau-
Lifshitz definition leads to infinite energy [12].
7). In Ashtekar’s complex formalism of general relativity, the energy-momentum and angular-
momentum constitute a 3-Poincare algebra and the energy coincides with the ADM energy[10].
With these foundations, we next use 1+2 dimensional transform eq.(18) to obtain conservative
energy-momentum for gravitational anyons.
3.2 The Energy-momentum for Gravitational Anyons
We take the Lagrangian for gravitational anyons to be in the first order (ωaµ =
1
2
ǫabcωµbc, ωµbc
is the SO(1,2) connection.)
L = Lg + Lm (26)
where
Lg = −1
κ
ǫµναωaν∂µeαa +
1
2κ
ǫµναeαaǫ
abcωµbωνc + Lc−s + ǫµναλaµ(∂νeαa + ǫabcωbνecα) (27)
Lc−s = 1
2κµ
ǫµνα(ωµa∂νω
a
α +
1
3
ǫabcω
a
µω
b
νω
c
α) (28)
and Lm denotes the matter part. The field equations for eaµ, ωaµ and λaµ are [L]eaµ = 0, [L]ωaµ = 0
and [L]λaµ = 0, i.e.
1
2κ
ǫµναǫabcωµbωνc + ǫ
µναλbµǫabcω
c
ν +
1
κ
ǫµνα∂µω
a
ν + ǫ
µνα∂µλ
a
ν = −[Lm]eaα (29)
ǫµνα(∂νeαa + ǫabcω
b
νe
c
α) = 0 (30)
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1
κ
ǫνµα(∂µe
a
α + ǫ
a
bcω
b
µe
c
α) +
1
κµ
ǫνµα(∂µω
a
α
+
1
2
ǫabcωµbωαc) + ǫ
νµαλbµǫ
abceαc = −[Lm]ωaν (31)
Using eq.(30), eq.(31) can be rewritten as
1
κµ
ǫνµα(∂µω
a
α +
1
2
ǫabcωµbωαc) + ǫ
νµαλbµǫ
abceαc = −[Lm]ωaν (32)
These equations are the same as those given in[13].
From eq.(14)
Z˜λµν =
∂Lg
∂eaλ,µ
eaν +
∂Lg
∂ωaλ,µ
ωaν +
∂Lg
∂λaλ,µ
λaν
= −1
κ
ǫµαλωαae
a
ν +
1
2κµ
ǫαµλωαaω
a
ν + ǫ
αµλλαae
a
ν (33)
For transform eq.(18), eq.(15) implies
∂µ(I˜
µ
ν e
ν
a + Z˜
λµ
ν e
ν
a,λ) = 0 (34)
Define
I˜µa = −∂λZ˜λµa , Z˜λµa = Z˜λµν eνa (35)
we then have
∂µI˜
µ
a = 0 (36)
Since [Lg]eaµ = −[Lm]eaµ , and T µa = −1e [Lm]eaµ, we have from eq.(13)
I˜µν = −(Lgδµν −
∂Lg
∂eaλ,µ
eaλ,ν −
∂Lg
∂ωaλ,µ
ωaλ,ν − [Lg]ωaµωaν − [Lg]λaµλaν) + eT µa eaν (37)
Define tµa by
I˜µν e
ν
a + Z˜
λµ
ν e
ν
a,λ = e(T
µ
a + t
µ
a) (38)
Then we have
e(T µa + t
µ
a) = e∇λZλµa (39)
where Z˜λµa = eZ
λµ
a . Eq.(39) is the desired general covariant conservation law of energy-
momentum for gravitational anyons. The total energy-momentum is
Pa =
∫
e(T 0a + t
0
a)d
2x =
∫
∂iZ˜
i0
a d
2x (40)
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3.3 The iso(1,2) Algebra
The pure Einstein case is restored by setting µ → ∞ and Lm = 0. In this limit, we have
λaµ = 0 and the superpotential is simply
Z˜µνa = −
1
κ
ǫµναωαa (41)
and the total energy-momentum is
Pa =
1
κ
∮
∂Σ
ωa (42)
where ∂Σ is the spatial infinity which is 1 dimensional. From the angular-momentum[7]
Ja = −1
κ
∮
∂Σ
ea =
1
κ
∫
ǫijǫabcω
b
ie
c
jd
2x (43)
and the Poisson brackets given in [5]
{ωai (x), ebj(y)} = κǫijηabδ2(x− y)
{ωai (x), ωbj(y)} = {eai (x), ebj(y)} = 0 (44)
we have
{Ja, Jb} = − 1
κ2
{
∮
ea(x),
∫
ǫijǫbcdω
c
i e
d
jd
2y} = ǫabcJc (45)
{Pa, Pb} = 0 (46)
{Ja, Pb} = {1
κ
∫
ǫijǫacdω
c
i e
d
jd
2x,
1
κ
∮
ωb(y)} = ǫabcP c (47)
Thus the iso(1, 2) algebra can be restored.
IV. Examples
We now consider the special case that [Lm]ωaµ = 0. Using the identities in 3-dim Riemann
geometry
Rαβγδ = gαγR˜βδ + gβδR˜αγ − gαδR˜βγ − gβγR˜αδ
R˜µν = Rµν − 1
4
gµνR R
αβ
γδ = −ǫαβµǫγδνGνµ Gµν = Rµν −
1
2
gµνR
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we have
− 1
κµ
ǫµαβ(∂αωβa +
1
2
ǫabcω
b
αω
c
β) =
1
κµ
eGµa (48)
So
λaµ = −
1
κµ
R˜aµ (49)
Substitute into eq.(29), we have
Gµa +
1
µ
Cµa = −κT µa (50)
where Cµa is the Cotton tensor. For Deser’s solution [4].
e0
0
≃ 1, e1
1
= e2
2
≃
√
mκ2
π
ln
1
2 r
e0
2
≃ −κ
2
µ
(m+ µσ)
2π
x
r2
, e0
1
≃ κ
2(m+ µσ)
2πµ
y
r2
e1
2
≃ −κ
4(m+ µσ)2
4π2µ2
√
mκ2
pi
xy
r4ln1/2r
(51)
we can obtain the asymptotical behaviour of the spin connection
ωµab ≃ 1
rf(r)
(52)
wheref(r) represents some monototically increasing functions of r. Thus we have
∮
∂Σ
ωµabdx
µ = 0 (53)
Thus the total energy-momentum vanishes. For Cle´ment’s [14] self-dual exact solution
ds2 = A−1[dt− (ω0 + A)dθ]2 − dr2 −Adθ2 (54)
A = a+ ce−µr
where a, c are constants and µ should be positive since r ∈ (0,+∞). In terms of rectangular
coordinates, it takes the following form
ds2 = A−1dt2 − 2(ω0A−1 + 1)( x
r2
dtdy − y
r2
dtdx)
+{[A−1(ω0 + A)2 − A]x
2
r4
− 1}dy2 + {[A−1(ω0 + A)2 − A]y
2
r4
− 1}dx2
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− [A−1(ω0 + A)2 − A]2xy
r4
dydx (55)
We obtain the following asymptotical dreibein [7]
e0
0
=
1√
a
, e0
1
=
√
a(1 +
ω0
a
)
y
r2
e0
2
= −√a(1 + ω0
a
)
x
r2
, e1
1
= 1 +
ay2
2r4
(56)
e1
2
=
axy
r4
, e2
2
= 1 +
ax2
2r4
Hence it can be shown that
lim
r→∞
rωµab = 0
Thus ∫
∂Σ
ωµabdx
µ = 0
So the total energy vanishes also. In the limit, µ → ∞, eq.(50) has a solution with dreibein
and spin connection[15]
e0 = dt+
κJ
2πr2
r× dr e = (1− κm
2π
)dr+
κm
2πr2
r(r · dr)
ω0 =
κm
2πr2
r× dr ωi = 0 (57)
we have
Pa = (m, 0, 0) (58)
which is the same as in[16].
V. Discussions
As an end, we make some discussions. First, general covariance is a fundamental demand
for conservation laws in general relativity. our definition eq.(39) (40) of energy-momentum
is coordinate independent. As the definition of angular-momentum[7], under local SO(1,2)
transform ea → Λa b(x)eb, where Λa b|∂Σ = La b = const., we have P a → La bP b. Second, it is
worth while noting that for Deser’s solution, the source stress-energy tensor of which is given
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a priori(the energy-momentum vanishes while Deser’s gravitational mass vanishes only when
m+ σµ = 0). This is quite different from the solution eq.(57) in the limit µ→∞. The reason
is that, though the form of eq.(51) agrees with eq.(57), the fall-off is substantially different.
Remember that in Deser’s solution, the metric is linearized gµν = ηµν + hµν , which is a good
approximation on condition that | hµν |≪ 1. Yet in Deser’s solution, hij = φδij and φ ∼ ln r,
so hµν does not satisfy the confition. We expect a solution with the same T
µν as Deser’s while
without the difficulty.
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